The simple multi-period repetitive control system proposed by Yamada and Takenaga is a type of servomechanism for the periodic reference input. That is, the simple multiperiod repetitive control system follows the periodic reference input with small steady state error, even if a periodic disturbance or uncertainty exists in the plant. In addition, simple multi-period repetitive control systems make transfer functions from the periodic reference input to the output and from the disturbance to the output have finite numbers of poles. Yamada and Takenaga clarified the parameterization of all stabilizing simple multi-period repetitive controllers. Recently, the parameterization of all robust stabilizing simple multi-period repetitive controllers for time-delay plants with uncertainty was clarified by Yamada et al. However, using the method by Yamada et al., it is complex to specify the low-pass filters in the internal model for the periodic reference input of which the role is to specify the input-output characteristic. The purpose of this paper is to propose the parameterization of all robust stabilizing simple multi-period repetitive controllers for time-delay plants with the specified input-output characteristic such that the input-output characteristic can be specified beforehand.
Introduction
A modified repetitive control system is a type of servomechanism for a periodic reference input, i.e., it follows a periodic reference input with a small steady state error, even when there exists a periodic disturbance or an uncertainty of a plant (1) - (9) .
However, the modified repetitive control system has a bad effect on the disturbance attenuation characteristic (10) , in that at certain frequencies, the sensitivity to disturbances of a control system with a conventional repetitive controller becomes twice as worse as that of a control system without a repetitive controller. Gotou et al. overcame this problem by proposing a multi-period repetitive control system (10) . However, the phase angle of the low-pass filter in a multi-period repetitive controller has a bad effect on the disturbance attenuation characteristics (14) , (15) . Refs. (14) and (15) overcame this problem and proposed a design method for multi-period repetitive controllers to attenuate disturbances effectively using the time advance compensation described in Refs. (11) - (13) . Using the multi-period repetitive controllers in Refs. (10) , (14) and (15), even if the plant does not include time-delays, transfer functions from the periodic reference input to the output and from the disturbance to the output have infinite numbers of poles. In this situation, it is difficult to specify the input-output characteristic and the disturbance attenuation characteristic.
However, using the method in Ref. (17) , it is complex to specify the low-pass filters in the internal model for the periodic reference input of which the role is to specify the input-output characteristic. Because, the low-pass filters are related to three kinds of free parameters in the parameterization by Yamada et al. When we design a robust stabilizing simple multi-period repetitive controller, if the low-pass filters in the internal model for the periodic reference input are settled beforehand, we can specify the input-output characteristic more easily than the method in Ref. (17) . This problem is solved by obtaining the parameterization of all robust stabilizing simple multi-period repetitive controllers for time-delay plants with the specified input-output characteristic, which is the parameterization when the low-pass filters are settled beforehand. However, no paper has considered the problem to obtain the parameterization of all robust stabilizing simple multi-period repetitive controllers for time-delay plants with the specified input-output characteristic. In addition, the parameterization is useful to design stabilizing controllers (18) - (21) . Therefore, the problem of obtaining the parameterization of all robust stabilizing simple multi-period repetitive controllers for time-delay plants with the specified input-output characteristic is important to solve. In this paper, we propose the parameterization of all robust stabilizing simple multiperiod repetitive controllers for time-delay plants with the specified input-output characteristic such that the low-pass filters in the internal model for the periodic reference input are settled beforehand, the controller works as a robust stabilizing multi-period repetitive controller for time-delay plants and transfer functions from the periodic reference input to the output and from the disturbance to the output have finite numbers of poles when the uncertainty does not exist. This paper is organized as follows: In §2, the concept of the robust stabilizing simple multi-period repetitive controller for time-delay plants with the specified input-output characteristic is presented. In addition, in §2, the problem considered in this paper is described. In §3, the parameterization of all robust stabilizing simple multi-period repetitive controllers for time-delay plants with the specified input-output characteristic is clarified. In §4, control characteristics of a robust stabilizing simple multi-period repetitive control system are described. In §5, we present a design procedure of a robust stabilizing simple multi-period repetitive controller for time-delay plants with the specified input-output characteristic. In §6, we show a numerical example to illustrate the effectiveness of the proposed method. Section 7 gives concluding remarks.
Notation

R
the set of real numbers.
the set of real rational functions with s. RH ∞ the set of stable proper real rational functions. H ∞ the set of stable causal functions.
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L{·} the Laplace transformation of {·}. L −1 {·} the inverse Laplace transformation of {·}.
2. Robust stabilizing simple multi-period repetitive controller for time-delay plants with the specified input-output characteristic and problem formulation
Consider the unity feedback control system in
where
controller, u ∈ R is the control input, d ∈ R is the disturbance, y ∈ R is the output and r ∈ R is the periodic reference input with period T satisfying
The 
where Δ(s) is an uncertainty. The set of Δ(s) is all functions satisfying
where W T (s) is a stable rational function. The robust stability condition for the time-delay plant G(s)e −sL with uncertainty Δ(s)
satisfying Eq. (4) is given by
where T (s) is given by
According to Refs. (10), (14) and (15), in order for the output y to follow the periodic reference input r with period T in Eq. (1) with small steady state error, the controller C(s) must have the following structure
and N is an arbitrary positive integer. C r (s) is an internal model for the periodic reference input with period T written by
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. Without loss of generality, it is assumed to hold C i (s) 0 (∀i = 1, . . . , N) and q i (s) 0 (∀i = 1, . . . , N). The controller written by the form in Eq. (7) is called the multi-period repetitive controller (10) , (14), (15) . Gotou et al. (10) proposed the design method for multi-period repetitive controller as
On the other hand, Yamada et al. (15) proposed the design method for multi-period repetitive controller such that T i (i = 1, . . . , N) do not necessarily satisfy Eq. (9) . Therefore, in this paper, we attach importance to the generality and assume that T i (i = 1, . . . , N) do not necessarily satisfy Eq. (9) . Using the multi-period repetitive controller C(s) in Eq. (7), transfer functions from the periodic reference input r to the output y and from the disturbance d to the output y in Eq. (1) are written as
and
respectively. Generally, transfer functions from the periodic reference input r to the output y in Eq. (10) and from the disturbance d to the output y in Eq. (11) have infinite numbers of poles, even if Δ(s) = 0. When transfer functions from the periodic reference input r to the output y and from the disturbance d to the output y have infinite numbers of poles, it is difficult to specify the input-output characteristic and the disturbance attenuation characteristic. From the practical point of view, it is desirable that the input-output characteristic and the disturbance attenuation characteristic are easily specified. In order to specify the input-output characteristic and the disturbance attenuation characteristic easily, transfer functions from the periodic reference input r to the output y and from the disturbance d to the output y are desirable to have finite numbers of poles. To overcome this problem, Yamada et al. proposed robust stabilizing simple multi-period repetitive control systems such that the controller works as a robust stabilizing multi-period repetitive controller for time-delay plants and transfer functions from the periodic reference input to the output and from the disturbance to the output have finite numbers of poles when the uncertainty does not exist (17) . In addition, Yamada et al. clarified the parameterization of all robust stabilizing simple multi-period repetitive controllers for time-delay plants.
On the other hand, according to Refs. (10), (14) and (15), if the low-pass filters
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and ω N max is the maximum frequency component of the periodic reference input r, then the output y in Eq. (1) follows the periodic reference input r with small steady state error. Using the result in (17) , in order for q i (s) (i = 1, . . . , N) to satisfy Eq. (12) in wide frequency range, we must design q i (s) (i = 1, . . . , N) to be stable and of minimum phase. If we obtain the parameterization of all robust stabilizing simple multi-period repetitive controllers such that q i (s) (i = 1, . . . , N) in Eq. (7) are settled beforehand, we can design a robust stabilizing simple multi-period repetitive controller satisfying Eq. (12) more easily than the method in (17) .
From above practical requirement, we define a robust stabilizing simple multi-period repetitive controller for time-delay plants with the specified input-output characteristic as Definition 1 and clarify the parameterization of all robust stabilizing simple multi-period repetitive controllers for time-delay plants with the specified input-output characteristic.
Definition 1(robust stabilizing simple multi-period repetitive controller for time-delay plants with the specified input-output characteristic) We call the controller C(s) a "robust stabilizing simple multi-period repetitive controller for time-delay plants with the specified input-output characteristic", if following expressions hold true:
( 1 ) The low-pass filters q i (s) ∈ RH ∞ (i = 1, . . . , N) in Eq. (7) are settled beforehand. That is, the input-output characteristic is settled beforehand.
( 2 ) The controller C(s) works as a multi-period repetitive controller. That is, the controller C(s) is written by Eq. (7), where 
The parameterization of all robust stabilizing simple multi-period repetitive controllers for time-delay plants with the specified input-output characteristic
In this section, we clarify the parameterization of all robust stabilizing simple multiperiod repetitive controllers for time-delay plants with the specified input-output characteristic defined in Definition 1.
In order to obtain the parameterization of all robust stabilizing simple multi-period repetitive controllers for time-delay plants with the specified input-output characteristic, we must see that controllers C(s) satisfying Eq. (5). The problem of obtaining the controller C(s), which is not necessarily a simple multi-period repetitive controller, satisfying Eq. (5) is equivalent to the following H ∞ control problem. In order to obtain the controller C(s) satisfying Eq. (5), we consider the control system shown in Fig. 1. P(s) is selected such that the transfer function from w to z in Fig. 1 
is equal to T (s)W T (s). The state space description of
where 
Journal of System Design and Dynamics
Vol.5, No.4, 2011
Under these assumptions, from Ref. (22), the following lemma holds true.
Lemma 1There exists an H ∞ controller C(s) for the generalized plant P(s) in Eq. (14) if and only if there exists an H ∞ controller C(s) for the generalized plantP(s) written by
is an H ∞ control input for the generalized plant P(s) in Eq. (14), wherẽ
From Lemma 1 and Ref. (23) , the following lemma holds true.
Lemma 2If controllers satisfying Eq. (5) exist, both
have solutions X ≥ 0 and Y ≥ 0 such that
and both
have no eigenvalue in the closed right half plane. Using X and Y, the parameterization of all controllers satisfying Eq. (5) is given by
Journal of System Design and Dynamics Vol.5, No.4, 2011 where
and Q(s) ∈ H ∞ is any function satisfying Q(s) ∞ < 1 (23) .
Using Lemma 1 and Lemma 2, the parameterization of all robust stabilizing simple multiperiod repetitive controllers for time-delay plants with the specified input-output characteristic is given by following theorem. 
in the closed right half plane. Using X and Y, the parameterization of all robust stabilizing simple multi-period repetitive control laws with the specified input-output characteristic satisfying Eq. (5) is given by
where C i j (s)(i = 1, 2; j = 1, 2) are given by Eq. (24) and Q(s) ∈ H ∞ is any function satisfying Q(s) ∞ < 1 and written by
Here,
(proof) First, the necessity is shown. That is, we show that when the low-pass filters q i (s) (i = 1, . . . , N) in Eq. (7) are settled beforehand, if the multi-period repetitive controller written by Eq. (7) stabilizes the control system in Eq. (1) robustly and makes transfer functions from the periodic reference input r to the output y in Eq. (10) and from the disturbance d to the output y in Eq. (11) 
Here, C 0n (s) ∈ RH ∞ , C 0d (s) ∈ RH ∞ , C i jn (s) ∈ RH ∞ (i = 1, 2; j = 1, 2) and C i jd (s) ∈ RH ∞ (i = 1, 2; j = 1, 2) are coprime factors satisfying
Vol.5, No. 4, 2011 respectively. Here, C in (s) ∈ RH ∞ (i = 1, . . . , N) and C id (s) ∈ RH ∞ (i = 1, . . . , N) are coprime factors satisfying 
respectively, where
From the assumption that transfer functions from the periodic reference input r to the output y in Eq. (42) and from the disturbance d to the output y in Eq. (43) have finite numbers of poles, Eqs. (45) and (47),
is satisfied. Using Eq. (31), this equation is rewritten by
Journal of System Design and Dynamics Vol.5, No.4, 2011 Since (27) and (28), respectively, then the controller C(s) is written by the form in Eq. (7) and transfer functions from the periodic reference input r to the output y and from the disturbance d to the output y have finite numbers of poles. Substituting Eq. (28) into Eq. (27), we have Eq. (7), where C 0 (s) and C i (s) (i = 1, . . . , N) are denoted by
We find that if C(s) and Q(s) are settled by Eqs. (27) and (28) 
Control characteristics
In this section, we describe control characteristics of the control system in Eq. (1) using the robust stabilizing simple multi-period repetitive controller C(s) in Eq. (27).
From Theorem 1, Q(s) in Eq. (28) must be included in (30) is to assure the stability of the control system in Eq. (1).
Next, we mention the input-output characteristic. The transfer function S (s) from the periodic reference input r to the error e = r − y is written by
Journal of System Design and Dynamics Vol.5, No.4, 2011 From Eq. (52), for frequency components ω k (k = 0, 1, . . . , N max ) in Eq. (13) of the periodic reference input r, since q i (s) ∈ RH ∞ (i = 1, . . . , N) are settled beforehand satisfying Eq. (12), the output y follows the periodic reference input r with a small steady state error. That is, the role of q i (s) (i = 1, . . . , N) is to specify the input-output characteristic for the periodic reference input r. Finally, we mention the disturbance attenuation characteristic. The transfer function S (s) from the disturbance d to the output y is written by Eqs. (52) 0, 1, . . . , N max ) 
the disturbance d cannot be attenuated, because
In order to attenuate this frequency component, we must find Q n0 (s) that satisfies
That is, the role of Q n0 (s) is to specify the disturbance attenuation characteristic for the disturbance d with frequency components ω d ω k (∀k = 0, 1, . . . , N max ). From above discussion, the role of Q d0 (s) andQ i (s) (i = 1, . . . , N) is to assure the stability of the control system in Eq. (1) by satisfying Q(s) ∈ H ∞ . The role of q i (s)(i = 1, . . . , N) are to specify the input-output characteristic for the periodic reference input r and to specify the disturbance attenuation characteristic for the disturbance d with same frequency components ω k (k = 0, 1, . . . , N max ) of the periodic reference input r. The role of Q n0 (s) is to specify the disturbance attenuation characteristic for the disturbance d with frequency components ω d ω k (∀k = 0, 1, . . . , N max ).
Design procedure
In this section, a design procedure of robust stabilizing simple multi-period repetitive controller for time-delay plants with the specified input-output characteristic is presented.
A design procedure of robust stabilizing simple multi-period repetitive controller C(s) satisfying Theorem 1 is summarized as follows: Procedure ( 1 ) Obtain C 11 (s), C 12 (s), C 21 (s) and C 22 (s) by solving the robust stability problem using the Riccati equation based H ∞ control as Theorem 1.
( 2 ) q i (s) ∈ RH ∞ (i = 1, . . . , N) and T i (i = 1, . . . , N) in Eq. (28) are settled so that for the frequency components ω k (k = 0, 1, . . . , N max ) of the periodic reference input r(s),
is satisfied. When T i (i = 1, . . . , N) are given by Eq. (9), in order to satisfy Eq. (58), for example, q i (s) (i = 1, . . . , N) are designed by
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On the other hand, when T i are not given by Eq. (9), q i (s) (i = 1, . . . , N) and T i (i = 1, . . . , N) satisfying Eq. (58) for k = 1, . . . , N can be designed using the method in Ref. (15) . 
where C 22o (s) ∈ RH ∞ is an outer function of C 22 (s) satisfying
is valid, α d is an arbitrary positive integer to makeq d (s)/C 22o (s) proper and τ d ∈ R is any positive real number satisfying
That is, if τ d is adequately chosen to satisfy Eq. (64) for the frequency range ω d , then the disturbance d is attenuated effectively.
Numerical example
In this section, a numerical example is shown to illustrate the effectiveness of the proposed parameterization.
Consider the problem to obtain the parameterization of all robust stabilizing simple multiperiod repetitive controllers with the specified input-output characteristic for time-delay plant G(s)e −sL written by
The nominal time-delay plant of G(s)e −sL and the upper bound W T (s) of the set of Δ(s) are given by
and 
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Low-pass filters q i (s) ∈ RH ∞ (i = 1, 2, 3) are settled by
In order to hold
in Eqs. (29) and (30) are settled by
When Q d0 (s) andQ i (s) (i = 1, 2, 3) are set as Eqs. (74) and (75), the fact that Q(s) ∈ H ∞ in Eq. (28) is confirmed as follows: Fig. 2 . From Fig. 2 , since the Nyquist plot of
encircle the origin, we find that Q(s) ∈ H ∞ holds true. The rest to show that Q(s) in Eq. (28) satisfies |Q( jω)| < 1 (∀ω ∈ R + ). The gain plot of Q(s) in Eq. (28) is shown in Fig. 3 . Figure  3 shows that the designed Q(s) satisfies Q(s) ∞ < 1. In order for the disturbance
to be attenuated effectively, Q n0 (s) ∈ RH ∞ is designed using Eq. (61), where Fig. 2 The Nyquist plot of
the gain plot of Δ(s) and W T (s) are shown in Fig. 4 . Here, the dotted line shows the gain plot of W T (s) and the solid line shows that of Δ(s). Figure 4 shows that the uncertainty Δ(s) satisfies Eq. (4). Using above-mentioned parameters, we have a robust stabilizing simple multi-period repetitive controller for time-delay plant with the specified input-output characteristic. When the designed robust stabilizing simple multi-period repetitive controller C(s) is used, the response of the output y(t) in Eq. (1) for the periodic reference input r(t) = sin(0.1πt − L m ) is shown in Fig. 5 . Here, the dotted line shows the response of the periodic reference input r(t) = sin(0.1πt − L m ) and the solid line shows that of the output y(t). Figure 5 shows that the output y(t) follows the periodic reference input r(t) with a small steady state error, even if the time-delay plant has uncertainty Δ(s).
Next, using the designed robust stabilizing simple multi-period repetitive controller for time-delay plant with the specified input-output characteristic, the disturbance attenuation characteristic is shown. The response of the output y(t) for the disturbance d(t) = sin(0.2πt) of which the frequency component is equivalent to that of the periodic reference input r(t) is shown in Fig. 6 . Here, the dotted line shows the response of the disturbance d(t) = sin(0.2πt) and the solid line shows that of the output y(t). Figure 6 shows that the disturbance d(t) is attenuated effectively. Finally, the response of the output y(t) for the disturbance d(t) in Eq. (76) of which the frequency component is different from that of the periodic reference input r(t) is shown in Fig. 7 . Here, the dotted line shows the response of the disturbance d(t) in Eq. Vol.5, No.4, 2011 Fig . 5 The response of the output y(t) for the periodic reference input r(t) = sin(0.1πt − L m ) Fig. 6 The response of the output y(t) for the disturbance d(t) = sin(0.2πt) Fig. 7 The response of the output y(t) for the disturbance d(t) = sin(0.05πt) (76) and the solid line shows that of the output y(t). Figure 7 shows that the disturbance d(t) in Eq. (76) is attenuated effectively. In this way, we find that we can easily design a robust stabilizing simple multi-period repetitive controller using Theorem 1.
Conclusions
In this paper, we proposed the parameterization of all robust stabilizing simple multiperiod repetitive controllers for time-delay plants with the specified input-output characteristic such that the low-pass filters in the internal model for the periodic reference input are settled Vol.5, No.4, 2011 beforehand, the controller works as a robust stabilizing multi-period repetitive controller for time-delay plants and transfer functions from the periodic reference input to the output and from the disturbance to the output have finite numbers of poles, when the uncertainty does not exist. Control characteristics of a robust stabilizing simple multi-period repetitive control system are presented, as well as a design procedure for a robust stabilizing simple multiperiod repetitive controller for time-delay plants with the specified input-output characteristic. Finally, a numerical example was illustrated to show the effectiveness of the proposed method.
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